⋆ + γ) = (4.2 ± 0.8 ± 0.6) × 10 −5 ,
which yield an exclusive-to-inclusive ratio: R K * ≡ Γ(B → K ⋆ + γ)/Γ(B → X s + γ) = (18.1 ± 6.8)%. Very recently, the inclusive radiative decay has also been reported by the ALEPH collaboration with a (preliminary) branching ratio 4 : B(H b → X s + γ) = (3.29 ± 0.71 ± 0.68) × 10 −4 .
The branching ratio in (2) involves a different weighted average of the various B-mesons and Λ b baryons produced in Z 0 decays (hence the symbol H b ) than the corresponding one given in (1) , which has been measured in the decay Υ(4S) → B + B − , B 0 B 0 . In the context of SM, the principal interest in the inclusive branching ratio B → X s + γ lies in that it determines the ratio of the Cabibbo-KobayashiMaskawa (CKM) matrix elements |V 1.2 SM estimates of B(B → X s + γ) and B(H b → X s + γ)
The leading contribution to the decay b → s + γ arises at one-loop from the so-called penguin diagrams. With the help of the unitarity of the CKM matrix, the decay matrix element in the lowest order can be written as:
where G F is the Fermi coupling constant, e = √ 4πα em , x i = m 2 i /m 2 W ; i = u, c, t are the scaled quark mass ratios, and q µ and ǫ µ are, respectively, the photon four-momentum and polarization vector. Here, F 2 (x i ) is the Inami-Lim function derived from the (1-loop) penguin diagrams 6 and the CKM-matrix element dependence is factorized in λ t ≡ V tb V * ts . As the inclusive decay widths of the B hadrons are proportional to |V cb | 2 , the measurement of B(B → X s +γ) can be readily interpreted in terms of the CKM-matrix element ratio λ t /|V cb |. 
where the operator basis, the lowest order coefficients C i (m W ) and the renormalized coefficients C i (µ) can be seen elsewhere 7 . Expressing the branching ratio B(B → X s +γ) in terms of the semileptonic decay branching ratio B(B → Xℓν ℓ ),
the theoretical part denoted by [...] th has been calculated in the NLO accuracy 8,9,10 . The power corrections have been obtained assuming that the decay B → X s +γ is dominated by the magnetic moment operator O 7 . The calculated 1/m 2 b correction is found to be innocuous (contributing at about 1%) in B(B → X s + γ). The correction proportional to 1/m 2 c , resulting from the interference of the operators O 2 and O 7 in H ef f (b → sγ), has also been worked out 11, 12, 13 . Expressing this symbolically as 
to be compared with the CLEO measurement B(B → X s +γ) = (2.32±0.67)× 10 −4 and the ALEPH measurement B(
Letting the CKM factor |V * ts V tb /V cb | as a free parameter, the NLO SMbased theory and experiments have been used to determine the CKM factor, yielding
With the CKM unitarity, one has |
| ≃ |V cs |; this equality holds numerically (within present precision) if one compares eq. (8) with |V cs | = 1.01 ± 0.18, determined from charmed hadron decays 14 . Using the value of |V tb | measured by the CDF collaboration 16 , |V tb | = 0.99 ± 0.15, and noting that |V cb | = 0.0393 ± 0.0028 17 , finally yields
This is probably as direct a determination of |V ts | as we will ever see, as the decay t → W + s is too daunting to measure due to the low tagging efficiency of the s-quark jet.
2 The decay B → X d + γ and constraints on the CKM parameters
In close analogy with the B → X s + γ case, the complete set of dimension-6 operators relevant for the processes b → dγ and b → dγg can be written as:
where ξ j = V jb V * jd with j = u, c, t. The current-current operatorsÔ j , j = 1, 2, have implicit in them CKM factors ξ c and ξ u . We shall use the Wolfenstein parametrization 18 , in which case the matrix is determined in terms of the four parameters A, λ = sin θ C , ρ and η, and one can express the above factors as :
We note that all three CKM-angle-dependent quantities ξ j are of the same order of magnitude, O(λ 3 ). The branching ratio B(B → X d + γ) in the SM can be quite generally written as:
where the functions D i depend on various parameters such as m t , m b , m c , µ, and α s . These functions were calculated in the LL approximation some time ago 19 and since then their estimates have been improved 20 , transcribing the NLO calculations done for B → X s + γ, thereby reducing the scale dependence in B(B → X d + γ) which is marked in the LL result.
To get an estimate of B(B → X d + γ), the CKM parameters ρ and η have to be constrained from the unitarity fits 21 . Allowing these parameters to vary over the entire allowed domain, one gets (at 95% C.L.) 20 :
The present theoretical uncertainty in this rate is a factor 5, almost all of which is due to the CKM parameters, which shows that even a modest (say, ±30%) measurement of B(B → X d + γ) will have a very significant impact on the CKM phenomenology. The decay B → X d + γ is of interest from the point of view of direct CP violation as well. The CP asymmetry in this mode is estimated as O(10%). This should also reflect itself in the rate asymmetry in some exclusive decays such as B ± → ρ ± + γ.
CKM-suppressed exclusive radiative decays B → V + γ
Exclusive radiative B decays B → V + γ, with V = K * , ρ, ω, are also potentially very interesting for the CKM phenomenology 22 . Extraction of CKM parameters from these decays would, however, involve a trustworthy estimate of the (short distance) SD-and (long distance) LD-contributions in the decay amplitudes. Present estimates based on QCD sum rules 23, 24 and soft-scattering models 25 yield small (O(5%) to moderate (O(20%) LD-contributions in these decays depending on the decay modes. More importantly, data on neutral and charged B mesons can be used to disentangle the LD-effects directly.
The SD-contribution in the exclusive decays (
0 → ω + γ and the corresponding B s decays, B s → φ + γ, and B s → K * 0 + γ, involve the magnetic moment operator O 7 and the related one obtained by the change s → d,Ô 7 . Keeping only the SD-contribution leads to obvious relations among the exclusive decays, exemplified here by the decay rates for (
where
2 involves the ratio of the transition form factors (apart from the small phase-space dependent correction) in the indicated radiative B decays; this ratio is unity in the SU (3) limit. Likewise, assuming dominance of SD physics gives relations among various decay rates
where the first equality holds due to the isospin invariance, and in the second SU (3) symmetry has been assumed. The LD-amplitudes in radiative B decays from the light quark intermediate states necessarily involve CKM matrix elements other than V td or V ts . In the CKM-suppressed decays B → V + γ the LD-contributions are dominantly induced by the matrix elements of the four-Fermion operatorsÔ 1 andÔ 2 . Using factorization, the LD-amplitude in the decay B ± → ρ ± +γ can be written in terms of two form factors F 
is estimated as 24 :
The CKM ratio in Eq. (16) is constrained by unitarity to lie in the range (15) , which hold on ignoring LD-contributions, get modified by including the LD-contributions. Likewise, the ratios of the CKM-suppressed and CKM-allowed decay rates given in eq. (14) get modified due to the LD contributions. The effect of the LD-contributions is estimated to be modest but not negligible in charged B decays, introducing an uncertainty of O(15%), comparable to the uncertainty in the overall normalization due to the SU (3)-breaking effects in the quantity κ u . Neutral B-meson radiative decays are lessprone to the LD-effects, and hence one expects that to a good approximation (say, better than 10%) the ratio of the decay rates for neutral B meson obtained in the approximation of SD-dominance remains valid 22 :
where this relation holds for each of the two decay modes separately. Finally, combining the estimates for the LD-and SD-form factors 24, 22 , and restricting the Wolfenstein parameters in the allowed range given earlier, yields:
. The large range reflects to a large extent the poor knowledge of the CKM matrix elements and hence experimental measurements of these branching ratios will contribute greatly to determine the Wolfenstein parameter ρ and η. Present experimental limits (at 90% C.L.) are depends quadratically on the CKM factor |V * ts V tb |, which has been measured from the branching ratio B → X s + γ, yielding |V * ts V tb | = 0.033 ± 0.007. However, as the error on this quantity is more than a factor 2 larger than what one gets from the CKM unitarity, we use here the value obtained by unitarity, |V * ts V tb | = 0.038 ± 0.0027. This yields:
where we have used τ (B s ) = (1.52 ± 0.07) ps to calculate x s . The choice f Bs B Bs = 230 MeV corresponds to the central value given by the lattice-QCD estimates. Allowing the coefficient to vary by ±2σ, and taking the central value for f Bs B Bs , gives
It is difficult to ascribe a confidence level to this range due to the dependence on the unknown coupling constant factor. The present lower bound (from LEP) on ∆M s is: ∆M s > 10.0 (ps) −1 (95% C.L.) 26 . A useful quantity for the CKM phenomenology is the ratio
in which all dependence on the t-quark mass drops out, leaving the square of the ratio of CKM matrix elements, multiplied by a factor which reflects SU (3) flavour -breaking effects. The present lower bound on ∆M s from LEP and the world average of ∆M d can be used to put a bound on the ratio ∆M s /∆M d , yielding ∆M s /∆M d ≥ 20.4 at 95% C.L. This is significantly better than the lower bound on this quantity from the CKM fits 21 :
is theoretically estimated to be ξ s = (1.15 ± 0.05).
The 95% confidence limit on ∆M s /∆M d can be turned into a bound on the CKM parameter space (ρ, η) by choosing a value for the SU(3)-breaking parameter ξ s . We assume three representative values: ξ 2 s = 1.21, 1.32 and 1.44, and display the resulting constraints in Fig. 1 . From this graph we see that the LEP bound now restricts the allowed ρ-η region for all three values of ξ 2 s . We note that the bound on ∆M s /∆M d removes a large (otherwise allowed) negative-ρ region. The resulting fits of the CKM triangle taking into account this bound are necessarily asymmetric around ρ = 0. The best fit solutions are around ρ = 0.11, η = 0.33, as also noted by Paganini et al. 27 . The CP-violating asymmetries in B decays can be expressed straightforwardly in terms of the CKM parameters ρ and η. The 95% C.L. constraints on ρ and η just discussed can be used to predict the correlated ranges of the angles of the CKM unitarity triangle α, β and γ in the standard model. These correlations were worked out earlier without the ∆M s /∆M d bound 21, 7 and are being updated here. It is found that the effect of the LEP bound on ∆M s /∆M d is still marginal on the sin 2β -sin 2α correlation; a small region in sin 2β below sin 2β = 0.3 is now removed, with the (95% C.L.) range for sin 2α remaining practically unconstrained with or without the LEP bound. The correlation in the angles α -γ is more susceptible to the aforementioned bound. The allowed range for this correlation also depends more sensitively on the value of the quantity B K than is the case for the sin 2β -sin 2α correlation. The previously allowed range 21, 7 (at 95% C.L.): γ = (90 ± 50)
• was based on using the bag parameter to have a value in the range B K = 0.9 ± 0.1. Taking a somewhat larger error on the advice of our lattice colleagues, B K = 0.9 ± 0.15, this range becomes larger. One now gets γ = (90 ± 58)
• without the LEP bound. The corresponding (95 % C.L.) range with the LEP bound is: 32
• ≤ γ ≤ 120
• . Thus, values of the angle γ in excess of 120
• are now excluded by the LEP bound on ∆M s /∆M d . Moreover, the allowed range in γ is no longer symmetric around γ = 90
• . This is illustrated in Fig. 2 , which shows the region in α-γ space allowed by the present data, for f B d B B d = 200 ± 40 MeV and B K = 0.9 ± 0.15.
The ranges for the CP-violating rate asymmetries parametrized by sin 2α, sin 2β and and sin 2 γ are determined at 95% C.L. to be: 
0.27 ≤ sin 2 γ ≤ 1.0 .
The CP asymmetries just discussed will be measured through rate asymmetries in non-leptonic B decays, such as
The Fleischer-Mannel bound in B → Kπ decays
Recently, the role of the decays B 0 → π ∓ K ± and B ± → π ± K 0 in determining the angle γ has been emphasized by Fleischer and Mannel 28 . Assuming that the so-called Tree (current-current) and QCD penguins are the dominant contributions in these decays, one can write the amplitudes as
where r = |A T |/|A P | is the ratio of the Tree and Penguin amplitudes, and δ is the strong phase difference involving these amplitudes. This leads to the Fleischer-Mannel relation (an average over CP-conjugate modes is implied),
From this, constraints on γ of the form
follow, where γ 0 is the maximum value of γ, which are complementary to the ones from the CKM unitarity fits discussed above. For R < 1, a useful bound on γ emerges, γ max o = cos −1 ( √ 1 − R). At present R has the value 29 : R = 0.65 ± 0.40. For the central value of R, for example, this yields γ max o = 54
• , implying 0
• . One then finds that there is no overlap in the range γ > 90 0 (corresponding to ρ < 0 in Fig. 1 ) with the allowed range from the CKM fits, but there is significant overlap in the range γ < 90
• (or ρ > 0 in Fig. 1 ), yielding 32
• ≤ γ ≤ 54
• for the assumed value of R. However, as R increases, the overlap with the parameter space allowed by the CKM-unitarity increases. Hence, with the present experimental error on R, no useful bound on γ follows: For the Fleischer-Mannel bound to be useful the ratio R must be significantly less than 1. With model-dependent estimates of r and δ, such as those obtained in the context of factorization models, sharper constraints follow on the CKM parameters. For example, r is estimated to lie in the range 0.15 ≤ r ≤ 0.30 in such models, one then finds 30 that R = 0.65±0.40 implies ρ ≥ 0 (at ±1σ). Possible dilution of the Fleischer-Mannel bounds from the neglected contributions (such as annihilation, electroweak penguins and soft rescattering) have been anticipated 31 . Some of these contributions may introduce significant uncertainties in the extraction of γ from this method. These issues will surely be studied further in future with more data available. It is too early to say if the ratio R (as well as other related ones) will make a big impact on the CKM phenomenology, but at any rate it remains a potentially interesting method to measure the otherwise daunting angle γ.
